Due to the significant advantages of flexible link manipulators (FLMs) and the high demand for developing a robust controller in order to perform fast and accurate operations, this research proposes the PD/H-∞ integrated controller for the purpose of position tracking and vibration suppression of a FLM system and verifies its robustness by utilizing longer lengths and test the proposed controller under a disturbance. The PD/H-∞ integrated controller was compared with the Linear quadratic regulator (LQR) controller in terms of position tracking and vibration suppression for the lengths of 50 cm, 75 cm and 100 cm, then the controllers were assessed under a disturbance for the three lengths of the FLM system. The PD/H-∞ integrated controller has shown higher capability to control longer lengths and to reject a disturbance than the LQR controller which has been verified via simulation using MATLAB/Simulink software.
Introduction
Due to the demand of saving energy and provide fast speed of operations in order to move and manipulate objects on workspaces, FLMs are highly required to be used in robotics instead of rigid link manipulators (RLMs) [1] . Conventional robots' manipulators are designed to be rigid and have high stiffness in order to reduce vibration and perform accurate operations with utilizing simple controller schemes. These robotic manipulators require big actuators size which lead to higher energy consumption and lower speed [2] . There are several advantages of FLMs compared to RLMs like; FLMs need smaller size actuators which leads to lower energy consumption, less materials, faster response, and less cost [3] - [4] . Besides that, FLMs require less maintenance and have lower inertia [5] . FLMs receive high attention in research due to their advantages which are important in different applications such as medical robots and light robots like space arm manipulators as reported by the study in [6] , used in nuclear plant, martial activities, agriculture sectors and homecare [5] . Additionally, FLMs are considered safer than RLMs in order to be operated near to humans [7] . According to the study in [8] , manufacturing industries use flexible systems in order to keep the manufacturing industries competitive, reduce the expenses of hardware, and to enable an enterprise to produce closer to requirements.
Many hybrid and integrated controllers were designed in order to ensure the robustness of the control schemes and to stabilize FLM systems in terms of position tracking and vibration suppression. A strategy of two stages control was proposed in [9] , a model based joint controller was used for position tracking and an impedance controller to suppress the vibration at the tip point of FLMs. Even this control strategy is robust, it can't consider the flexibility influence once the FLM moves from the initial to the targeted position. Rigid-Flexible manipulators were controlled by a method of trajectory planning in order to reduce the deflection of the tip of the FLM as mentioned by [10] which is required to reach the desired destination with minimum error. Also in [11] employed a time optimal trajectory planning for flexible link robot. However, the trajectory planning method is restricted to a certain path.
An inversion-based control was developed for rest to rest movement of Multi-FLMs, the problem of this method is that the fast response of a joint generates more oscillations at the tip of the FLMs and in order to minimize the tip deflection a planning trajectory is needed which constrains the system [12] . In [13] , an adaptive impedance controller for two-FLMs system was designed and compared with nonadaptive impedance controller. Although the performance of the adaptive impedance controller is better than the nonadaptive impedance controller, the controller response is slow with more vibration which may generate much more vibration in case the system is faster.
Lookup table control method was applied with using positive position feedback in [14] , this controller can optimally tune its parameters by itself for maximum response of the system. However, using positive position feedback increases the flexibility of the FLM which results larger steady state error. The authors in [15] utilized Bacteria Foraging Optimization (BFO) with Genetic Algorithm (GA) to optimally tune PD controller parameters in order to control the tip position of two-FLMs. The performance of the parameters obtained by BFO is better than GA in terms of position tracking and vibration suppression, but also BFO performance needs to be improved more. The study in [16] developed a hybrid controller of PDFuzzy logic controller (FLC), the hybrid controller was optimized by GA method in order to optimize the rule base of FLC. The performance of the hybrid controller is satisfactory in terms of the position tracking, but the vibration need to be more reduced which a GA-based multimodal command shaper was augmented with FLC in order to minimize the vibration at the expense of position tracking response. Numerical optimization was used in [17] to design gain-scheduled strictly positive real controller for position tracking and vibration suppression of two-FLMs. A modelbased predictive controller (MPC) was proposed in [18] for reference trajectory and vibration suppression of a FLM. The results show that the MPC strategy to suppress the vibration is not enough capable to eliminate the oscillations.
A mixed sensitivity ! / ! controller was proposed in [19] and designed based on linear matrix inequality (LMI) technique. The mixed controller has satisfactory performance for the position tracking and vibration suppression. However, designing and implementing such controller are complicated. Another integrated controller was developed in [20] , the controller consists of a resonant controller as the inner loop feedback to control the vibration based on the resonant frequencies and a FLC as the outer loop feedback for position tracking of the FLM system with payload. The proposed controller showed good ability to track the FLM and to suppress its vibration, but the increment of overshoot, rise time, settling time, and vibration are noticeable with increasing the payload.
PD feedback controller based on Lyapunov method was investigated in [21] for position tracking of a FLM with employing piezoelectric (PZT) actuators which can produce a shear force opposite the FLM's deflection in order to damp the vibration. The PD feedback controller performance needs more improvement and PZT actuators were used for damping vibrations need to verify the optimal location along the FLM during the experimental work for getting better vibration suppression. After that, the authors in [22] used combined scheme of PD-based hub motion control to track the FLM system and utilized PZT actuators to suppress the vibration. However, the system response is very slow and the oscillations of the FLM's tip require many PZT actuators to be bonded along the FLM in order to suppress the vibration in less time, but increasing the number of PZT actuators affects the flexibility of the FLM and increases its total mass.
Control scheme consists of two stages was developed in [7] , the first stage is mainly for position tracking of the system, and the second stage damps the vibration by employing PZT actuators. The experimental and simulation results show that PZT is effective to reduce the steady state error of position and to damp the vibrations, moreover the system reaches its steady state in less time needed for traditional controls, but PZT actuators require high voltage and expensive amplifier and interfacing circuits. More types of controllers have been used to control FLMs are reviewed in [23] .
This research aims to propose the PD/H-∞ integrated controller for position tracking and vibration suppression of FLM system, the robustness of the proposed controller is verified in terms of controlling longer links of the FLM and disturbance rejection compared to the standard LQR controller. The remaining of this paper is organized as follows: the methodology, the system description, the controllers' design, the method of performance analysis, the results and discussion, and the article conclusion.
Methodology
This research is to assess the robustness of PD/H-∞ integrated controller for the purpose of position tracking and vibration suppression for single FLM under a disturbance and using different lengths. When the FLM system moves at certain direction and then stop, FLM will vibrate and take certain period of time to settle down, also the vibrations increase by increasing the system response. Thus, the aim of this work is to ensure when the FLM system stop the vibrations can be rapidly minimized even that the system response is faster and disturbed. This work is simulation using MATLAB/Simulink. The system consists of a servomotor as an actuator and the flexible link as a subject of study. The FLM system is shown in Fig.1 . The angle ( ) presents the desired position and ∝ ( ) presents the deflection of the FLM which need to be reduced as shown in Fig.2 by utilizing the proposed controller. 
System Model
The system mathematical model is expressed in Eq.1 and Eq.2 in state space form which has been derived by the authors in [22] using Euler-Lagrange's equations.
where:
Based on the system numerical values shown in Tab.1, the system mathematical model can be rewritten as shown in Eq.3 with the initial length of 50 cm. 
LQR Controller Design
The simplicity to design LQR and the straightforward to be used for multivariable system with the same procedure of design as for single-input-single-output system are the advantages of utilizing it in this research. The LQR controller gain matrix is presented by Eq.4 which can be obtained by solving Algebraic Riccati Equation (ARE) shown in Eq.5 as discussed by [24] .
ARE solution is represented by, , and , is the weighting matrix defines the weights on the state while is the weighting matrix defines the weights on the input. The matrix, , plays important role on the system performance. Eq.6 shows on how, , matrix can be manually tuned. The parameters' tuning of the matrix are on trial and error based on the system performance. Ref [25] has more details about tuning LQR controller. Fig.3 shows LQR controller diagram which consists of the FLM system model and the LQR feedback gain matrix that is used in this study. N is a gain to eliminate the steady state error and obtained by trial and error.
The LQR gain presented in Eq.7 produces the optimal performance of the system which is obtained by selecting the diagonal elements of matrix (300, 300, 0, 0). 
PD/H-∞Integrated Controller Design
The integrated controller proposed in this research is shown in Fig.4 
PD Controller Tuning
PD controller improves the system transient response, where this controller has two parameters, the proportional gain, ! , and the derivative gain, ! . The transfer function of PD controller is the sum of the proportional gain, ! , and the derivative gain, ! , multiplying by differentiated signal obtained as written in Eq.8 [26] . In this research, PD controller is manually tuned as the manual tuning method is easier and can obtain the optimal gains to produce the satisfactory performance. The parameters in Tab.2 perform faster response for the system. 
H-∞ Controller Design
H-∞ control system consists of a generalized plant G(s) and a robust controller K(s) as shown in Fig.5 . The generalized plant G(s) is elaborated in Eq.9.
where is the state variable, is the evaluation signal, is the measured signal, is the exogenous input signal, and is the control input signal.
The standard H-∞ controller is formulated in [27] as in Eq.10 to Eq.12.
Q(s) is a free parameter.
To design H-∞ controller based on the formula stated inEq.10 to Eq.12, first is to find the H-∞ norm γ to be calculated from Hamiltonian matrix represented in Eq.13 by conducting the iteration in the flow chart shown in Fig.6 . Then solving the Algebraic Riccati Equations (AREs) presented in Eq.14 an Eq.15 to have the stabilizing solution for ! ≥ 0 and ! ≥ 0 respectively [28] .
H-∞ controller designed based on the pervious explanation is written in Eq.16. 
Performance Analysis
Based on the step input signal, the system performance is analyzed in the form of percentage overshoot (OS%), rise time ( ! ), settling time ( ! ), and steady state error ( !! ) [26] . The system transient response and steady state error can be determined and analyzed as follows:
i. Rise time, ( ! ), the time required for the system response to go from the percentage of 10% to the percentage of 90% of its final value. ii.
Settling time, ( ! ), the time required for the system response to reach and stay within ± 2% of its final value. iii.
Overshoot, (OS%), the percentage of overshoot OS% is determined by Eq.17.
Steady state error, ( !! ), the difference between the steady state response and the desired output Root mean square error (RMSE) is calculated in order to analyze the capability of the proposed controllers for the position tracking of the FLM system. The RMSE formula is presented in Eq.18. Where r is the reference trajectory input, y is the actual output position, and n in the number of sample over a defined tracking process.
The vibration suppression of the FLM system is evaluated based on two parameters, the amplitude of the largest peak oscillation and the time required to eliminate the vibration. The vibration is measured in the tip position of the FLM.
Design a robust controller for the position tracking and vibration suppression of the FLM system is the main aim of this study, so the robustness analysis of the proposed controllers that have been designed is an important matter in order to verify the robustness. The robustness evaluation in this study is by increasing the flexible link's length of the FLM system and by disturbing the system. The robustness evaluation of controllers is determined by measuring the robustness index (RI) for a reference trajectory (RT) under the system conditions over a tracking period (T) as presented by Eq.19 which was derived in [29] . Where (RMSE !"# ) is the root mean square error obtained from the nominal operating condition and (RMSE !"# ) is the root mean square error obtained from the changed system.
The robustness index will show the robustness of the proposed controllers once the FLM system has longer lengths or the system is disturbed.
MATLAB Simulation and Results
These results are simulated using MATLAB/Simulink in order to analyze the capability of PD/H-∞ integrated controller in terms of robustness and disturbance rejection compared to LQR controller. Both controllers are compared for their robustness and disturbance rejection by increasing the length of the FLM and by disturbing the system.
Analysis of Robustness and Disturbance Rejection by
Increasing the FLM's Length The used technique in this research in order to test the robustness of the PD/H-∞ integrated controller is increasing the length of the FLM from the initial length of 50 cm to 75 cm and 100 cm. 100 cm length of the FLM is long enough to test the robustness of the proposed controller.
Analysis of the FLM System for 50 cm
The position tracking performance of the FLM system is plotted in Fig.7 by the red color for the PD/H-∞ integrated controller and the blue color for the LQR controller. Based on the performance of both controllers and the analysis in Tab.3, the PD/H-∞ integrated controller response is faster than the LQR response and has less overshoot. Even the PD/H-∞ integrated controller is faster for position tracking than the LQR controller, it has the capability to suppress the vibration of the FLM system much better than the LQR controller and reaches the stability in less time as shown in Fig.8 and tabulated in Tab.4. 
Analysis of the FLM System for 75 cm
Increasing the length of the FLM system from 50 cm to 75 cm affects the performance of the LQR controller, but the PD/H-∞ integrated controller has the ability to track the 75 cm length without increasing the rise and settling time or the overshoot as well. Fig.9 and Tab.5 summarize the performance and the analysis of the position tracking of the FLM system for 75 cm respectively. The robustness index of the PD/H-∞ integrated controller once the length of the FLM system is 75 cm compared to the 50 cm initial length is zero and the LQR controller has the robustness index value of 0.1744 which means that the PD/H-∞ integrated controller is more robust than the LQR controller once the length of the FLM system increased to 75 cm. The vibration suppression for 75 cm length of the FLM system is shown in Fig.10 . Based on the analysis, the PD/H-∞ integrated controller has only 0.069 radian maximum peak to peak deflection and can totally eliminate the vibration in one second while the LQR controller produces 0.68 radian maximum peak to peak vibration and takes two seconds to reach its stability as summarized in Tab.7. Overall, the PD/H-∞ integrated controller demonstrates much more effectiveness to suppress the vibration of the FLM system for 75 cm length. 
Analysis of the FLM System for 100 cm
The response of the LQR controller presented in Fig.11 is unstable and has unsatisfied transient response performance which seems that the LQR controller can't track the length of 100 cm of the FLM system. However, the PD/H-∞ integrated controller has performance in terms of transient response and steady state error, this perfect performance confirms the robustness of the PD/H-∞ integrated controller and its ability to accurately track the 100 cm length of the FLM system. Based on the robustness analysis, the LQR controller is not robust enough to track the FLM system with the length of 100 cm as the robustness index value is large and increases with increasing the length of the FLM system as tabulated in Tab.9. The robustness index value of the PD/H-∞ integrated controller is the same value for the length of 50 cm, 75 cm and 100 cm which means that the controller has high robustness and can resist the negative effects caused by longer flexible links. The deflection caused by the length of 100 cm is so big once the LQR controller is employed as presented in Fig.12 does not eliminate the oscillations in short time, so the LQR controller fails to reduce the vibration of the FLM system with the length of 100 cm. Meanwhile, the PD/H-∞ integrated controller suppresses the vibration of the 100 cm length effectively even that it takes long time to eliminate the deflection, but the deflection is still small as displayed in Tab.10 and Fig.12 . 
Analysis ofRobustness and Disturbance Rejection with a Disturbance
Disturbance is unwanted input signal which affects the control system's output, and increases the system error. A robust controller should has the capability to eliminate the effects of disturbances on the output and the system error. The FLM system is disturbed by suddenly displacing the tip of the FLM 0.5 radian extra displacement of the final desired position using external force, the higher robust controller the better to keep the system position in its desired position and the faster to eliminate the vibration caused by the disturbance. The sudden and extra displacement of 0.5 radian is sufficient to test the robustness of the proposed controllers. The FLM system will be disturbed for all the lengths that have been used.
Analysis of the FLM System for 50 cm with the disturbance
The system is disturbed starting with the initial length of 50 cm for both controllers. The position tracking with the disturbance for 50 cm length is shown in Figure13. Based on Fig.13 and the classified data in Tab.11, the position tracking of the LQR controller is more affected once the FLM disturbed which means that the controller does not have good capability to resist external disturbances to the system and has the longer time to be resettled. However, the effect of the disturbance to the PD/H-∞ integrated controller is very small and can be neglected. The zero value of the robustness index of the PD/H-∞ integrated controller indicates that the controller is robust enough to reject external disturbances for the length of 50 cm of the FLM system and does not affect the position tracking. The robustness index value of the LQR controller is larger as presented in Tab.12 which verifies the low robustness of the LQR controller. The larger deflection caused by the disturbance is for the LQR controller, but the oscillation are eliminated in short time as shown in Fig.14 . However, the PD/H-∞ integrated controller resists the disturbance effects and effectively minimizes the vibration caused by the disturbance and reaches the stability in shorter time. Tab.13 shows the analysis of both controllers for 50 cm length with the disturbance. Fig.15 . The disturbance effect to the PD/H-∞ integrated controller performance for 75 cm length is the same as the effect once the length is 50 cm which verifies the high capability of this proposed controller to robustly track the FLM system even the system is disturbed or has longer FLMs. The disturbance to the length of 75 cm is totally rejected by utilizing the PD/H-∞ integrated controller as described in Tab.15 as the robustness index value is zero, but the LQR controller performance is affected by the disturbance and the deflection caused by the disturbance increases with increasing the length of the FLM system. In this case, the robustness index value of the LQR is smaller than its robustness index for the length of 50 cm because the disturbance comes against the original deflection which causes the reduction of the disturbance effects. The vibration suppression of the FLM system with the disturbance for the length of 75 cm is presented in Fig.16 and the analysis data is classified in Tab. 16 . Based on that, the PD/H-∞ integrated controller still demonstrates better capability to reject the disturbance and to suppress the vibration. The oscillation of the FLM system resulted by the disturbance for the 75 cm has smaller peak than the oscillation caused by the disturbance for the 50 cm length once the LQR controller is employed because the disturbance is partially rejected by the original oscillation, but the controller takes longer time to eliminate the oscillation of the 75 cm length. Analysis ofthe FLM System for 100 cm with the disturbance The position tracking reponse of the LQR controller and the PD/H-∞ integrated controller for 100 cm length with the disturbance of the FLM system is presented in Fig.17 . The position tracking of the PD/H-∞ integrated controller for 100 cm is not much affected compared to the 50 cm and 75 cm length which means that the controller can robustly track the FLM system with 100 cm length and can reject the external disturbance. However, the LQR controller is not suitable to track the length of 100 cm with the disturbance as the controller is unstable and its position tracking is largely influenced by the disturbance. The PD/H-∞ integrated controller is robust enough for position tracking of the FLM system for the length of 100 cm with the disturbance as its robustness index value is zero which means that the controller can totally rejection the disturbance. The LQR controller has larger value of the robustness index than the PD/H-∞ integrated controller, but smaller values of the robustness index than its own values for the lengths of 50 cm and 75 cm because the disturbance occurs against the original deflection and once the original deflection is larger can reject larger amount of the disturbance, but the system remains oscillated for longer time. Based on Fig.18 and Tab.19, the PD/H-∞ integrated controller can suppress the vibration caused by the disturbance in 0.4 seconds which is short time and this proves the capability of the controller to suppress the vibration of the FLM system with the disturbance for 100 cm length. The LQR controller does not have the ability to quickly minimize the FLM system vibration once its length is 100 cm and is disturbed. 
Conclusion
This research starts with the introduction to review the previous control methods that have been used for the purpose of position tracking and vibration suppression of the FLM system. In this research, a novel PD/H-∞ integrated controller is designed for position tracking and vibration suppression as a robust controller for the FLM system. The proposed PD/H-∞ integrated controller is a robust controller which has verified for its robustness in terms of controlling longer links and disturbance rejection. The PD/H-∞ integrated controller has demonstrated high robustness either for tracking longer lengths of the FLM system and suppress their vibration or to reject disturbances to the FLM system compared to the LQR controller. The PD/H-∞ integrated controller could robustly track the length of 100 cm which is long enough in robotics uses and suppress its vibration even the system was disturbed. However, the performance of the LQR controller is unstable for the length of 100 cm and couldn't reduce its vibration in both cases of disturbance presence and absence. These proposed controllers have been simulated and validated via MATLAB/Simulink software. However, the experimental work is more reliable validation and will efficiently examine the effectiveness and the robustness of the PD/H-∞ integrated controller for position tracking and vibration suppression of lengths uncertainties and at the presence of disturbances.
